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DEFORMATION OF HOM-LIE-RINEHART ALGEBRAS
ASHIS MANDAL AND SATYENDRA KUMAR MISHRA
Abstract. We study formal deformations of hom-Lie-Rinehart algebras. The associated
deformation cohomology that controls deformations is constructed using multiderivations
of hom-Lie-Rinehart algebras.
1. Introduction
The aim of this paper is to study formal deformations of hom-Lie-Rinehart algebras.
In [14], hom-Lie-Rinehart algebras are introduced as an algebraic analogue of hom-Lie
algebroids. This notion generalises both the notion of a hom-Lie algebra and the notion of
a hom-Lie algebroid in [9]. By starting with a Lie-Rinehart algebra ([15], [5], [6], [7]) and a
homomorphism into itself, one obtains a canonically associated hom-Lie-Rinehart algebra
(usually referred as “obtained by composition”).
In [14], modules over a hom-Lie-Rinehart algebra are defined and a cohomology with coef-
ficients in a left module is studied. It presents the notion of extensions of hom-Lie-Rinehart
algebras and deduce a characterisation of low dimensional cohomology spaces in terms of the
group of automorphisms of certain abelian extensions and the equivalence classes of those
abelian extensions in the category of hom-Lie-Rinehart algebras, respectively. Later on, a
non-abelian tensor product in the category of hom-Lie-Rinehart algebras is introduced in
[13], and universal central extensions (and universal α-central extensions) are interpreted in
terms of this non-abelian tensor product. Moreover, crossed modules for hom-Lie-Rinehart
algebras are studied in [18]. In a sequel, a relationship between hom-Lie-Rinehart algebras
and hom-Batalin-Vilkovisky algebras is also explored in [12].
In the case of classical algebras, the associated cohomologies with coefficients in adjoint
representations control deformations. For instance, in the case of associative algebras it is
Hochschild cohomology and in the case of Lie algebras, it is Chevally-Eilenberg cohomolgy.
Likewise, for hom-algebras, in particular for hom-Lie algebras and hom-associative algebras,
cohomologies with coefficients in certain adjoint representations are defined (generalising
Chevally-Eilenberg and Hochschild cohomology, respectively) in [1], which play the role of
deformation cohomologies.
For Lie algebroids, more work is required to find a suitable deformation cohomology since
the adjoint representation is not defined as representation in the usual sense (see [3]). In
[2], Moerdijk and Crainic introduced the notion of multiderivations of a vector bundle. The
space of multiderivations of a vector bundle forms a graded Lie algebra. If vector bundle
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has a Lie algebroid structure, a differential can be associated with this graded Lie algebra
to obtain a differential graded Lie algebra (in short DGLA). They also proved that this
DGLA controls deformations (in the sense of [2]) of a Lie algebroid. In the present article,
we describe a differential graded Lie algebra for hom-Lie-Rinehart algebra, which gives a
deformation complex required to study one-parameter formal deformations.
In Section 2, we recall some basic definitions. Let R be a commutative ring of char-
acteristic zero and with unity. Also, let A be an associative commutative R-algebra, and
φ : A→ A be an R-algebra homomorphism.
In Section 3, we first define the notion of (φ, β)-multiderivations of a pair (M,β), where
M is an A-module, and β :M →M is a φ-function linear map. Then we consider a graded
Lie algebra structure on the space of (φ, β)-multiderivations. Next, we describe hom-Lie-
Rinehart algebra structures on the pair (M,β) (over (A,φ)) in terms of this graded Lie
algebra. Consequently, we associate a differential graded Lie algebra (DGLA) to a hom-
Lie-Rinehart algebra.
In Section 4, we show that this DGLA controls the deformations of a hom-Lie-Rinehart
algebra. We also prove that if φ : A → A is an algebra automorphism, then the space of
φ-derivations of A is rigid as a hom-Lie-Rinehart algebra. In the last section, we discuss
about some particular cases of this deformation complex for hom-Lie-Rinehart algebras.
2. Preliminaries
In this section, we recall basic definitions concerning hom-structures from [1],[4], [11],
[10], [16] and [14], in order to fix notations and terminology. Let R be a commutative
ring of characteristic zero and with unity. Throughout the paper we consider all modules,
algebras and their tensor products over the ring R and all linear maps to be R-linear unless
otherwise stated.
2.1. Definition. A hom-Lie algebra is a triple (L, [−,−], α), which consists of a R-module
L, a skew-symmetric R-bilinear map [−,−] : L× L→ L, and a linear map α : L→ L, sat-
isfying
[α(x), [y, z]] + [α(y), [z, x]] + [α(z), [x, y]] = 0 for all x, y, z ∈ L.
A hom-Lie algebra (L, [−,−], α) is called multiplicative if the map α preserves the bracket,
i.e. α[x, y] = [α(x), α(y)]. Moreover, if α is an R-module automorphism of L, then the hom-
Lie algebra (L, [−,−], α) is called a regular hom-Lie algebra.
2.2. Example. Given a Lie algebra (L, [−,−]) with a Lie algebra homomorphism α : L→ L,
we can define a hom-Lie algebra as the triple (L,α ◦ [−,−], α).
2.3. Definition. A representation of a hom-Lie algebra (L, [−,−], α) on a R-module V is
a pair (θ, β) consisting of R-linear maps θ : g→ gl(V ) and β : V → V such that
θ(α(x)) ◦ β = β ◦ θ(x),
θ([x, y]) ◦ β = θ(α(x)) ◦ θ(y)− θ(α(y)) ◦ θ(x).
for all x, y ∈ L.
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2.4. Example. For s ∈ Z, we can define the αs-adjoint representation of the regular hom-Lie
algebra (L, [−,−], α) on L by (ads, α), where
ads(g)(h) = [α
s(g), h] for all g, h ∈ g.
Let A be an associative commutative R-algebra and Der(A) denote the space of R-
derivations of the algebra A. Then Der(A) is simultaneously an A-module and a Lie
algebra with the commutator bracket.
2.5. Definition. A Lie-Rinehart algebra L over (an associative commutative R-algebra)
A is a Lie algebra over R with an A-module structure and a R-module homomorphism
ρ : L → Der(A), such that ρ is simultaneously an A-module homomorphism and a Lie
R-algebra homomorphism and
[x, ay] = a[x, y] + ρ(x)(a)y for all x, y ∈ L, a ∈ A.
2.6. Definition. Given an associative commutative algebra A, an A-module M and an
algebra endomorphism φ : A→ A, we call an R-linear map δ : A→M a φ-derivation of A
into M if it satisfies the required identity;
δ(ab) = φ(a)δ(b) + φ(b)δ(a) for all a, b ∈ A.
Let us denote by Derφ(A) the set of φ-derivations.
LetM be a smooth manifold, and ψ :M →M be a smooth map. Then the map ψ induces
an algebra homomorphism ψ∗ : C∞(M) −→ C∞(M), and the space of ψ∗-derivations of
C∞(M) into itself can be identified with the space of sections of the pull- back bundle of
the tangent bundle TM , which is denoted by Γ(ψ!TM).
2.7. Definition. A hom-Lie algebroid is a quintuple (A,φ, [−,−], ρ, α), where A is a vector
bundle over a smooth manifold M , the map φ : M → M is a smooth map, the bracket
[−,−] : Γ(A) ⊗ Γ(A) → Γ(A) is a bilinear map, the map ρ : φ!A → φ!TM is called the
anchor and α : Γ(A)→ Γ(A) is a linear map such that following conditions are satisfied.
(i) α(f.s) = φ∗(f)α(s) for all s ∈ Γ(A), f ∈ C∞(M).
(ii) The triplet (Γ(A), [−,−], α) is a hom-Lie algebra.
(iii) The following hom-Leibniz identity holds:
[s, f.t] = φ∗(f).[s, t] + ρ(s)[f ]α(t);
for all s, t ∈ Γ(A), f ∈ C∞(M).
(iv) The pair (ρ, φ∗) is a representation of (Γ(A), [−,−], α) on C∞(M).
A hom-Lie algebroid (A,φ, [−,−], ρ, α) is called regular (or invertible) hom-Lie algebroid
if the map α : Γ(A) → Γ(A) is an invertible map and the smooth map φ : M → M is a
diffeomorphism.
Here, ρ(s)[f ] denotes a function on M given by
ρ(s)[f ](m) =
〈
dφ(m)f, ρm(sφ(m))
〉
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for m ∈ M . The map ρm : (φ
!A)m ∼= Aφ(m) → (φ
!TM)m ∼= Tφ(m)M is the anchor map
evaluated at m ∈M and sφ(m) is image of the section s ∈ Γ(A) at φ(m) ∈M .
2.1. Hom-Lie-Rinehart algebras:
2.8. Definition. A tuple (A,L, [−,−]L, φ, αL, ρL) is called a hom-Lie Rinehart algebra over
(A,φ) if L is an A-module, [−,−]L : L× L→ L is a skew-symmetric bilinear map, the map
φ : A→ A is an algebra homomorphism, αL : L→ L is a linear map preserving the bracket
[−,−]L, and ρL : L→ DerφA is a R-linear map satisfying the following conditions:
(i) αL(a.x) = φ(a).αL(x) for all a ∈ A, x ∈ L.
(ii) The triple (L, [−,−]L, αL) is a hom-Lie algebra.
(iii) The pair (ρL, φ) is a representation of (L, [−,−]L, αL) on A.
(iv) ρL(a.x) = φ(a).ρL(x) for all a ∈ A, x ∈ L.
(v) [x, a.y]L = φ(a)[x, y]L + ρL(x)(a)αL(y) for all a ∈ A, x, y ∈ L.
Let us denote a hom-Lie Rinehart algebra (A,L, [−,−]L, φ, αL, ρL) over (A,φ) simply by
(L, αL). In particular,
(a) If αL = IdL in the above definition, then φ = idA and the hom-Lie-Rinehart algebra
(A,L, [−,−]L, φ, αL, ρL) is a Lie-Rinehart algebra L over A.
(b) Any hom-Lie algebra (L, [−,−]L, αL) (over R) is also a hom-Lie Rinehart algebra
(A,L, [−,−]L, φ, αL, ρL) with A = R, algebra morphism φ = IdR and the trivial
action of L on R.
(c) Any hom-Lie algebroid (A,φ, [−,−], ρ, α) over a smooth manifold M , gives a hom-
Lie-Rinehart algebra (C∞(M),ΓA, [−,−], φ∗, α, ρ) over (C∞(M), φ∗), where ΓA is
the space a sections of the underline vector bundle A over M and the algebra
homomorphism φ∗ : C∞(M)→ C∞(M) is induced by the smooth map φ :M →M .
2.9. Example. If we consider a Lie-Rinehart algebra L over A along with an endomorphism
(φ, α) : (A,L)→ (A,L)
in the category of Lie-Rinehart algebras then the tuple (A,L, [−,−]α, φ, α, ρφ) is a hom-Lie-
Rinehart algebra, called “obtained by composition”, where
(i) [x, y]α = α[x, y] for x, y ∈ L;
(ii) ρφ(x)(a) = φ(ρ(x)(a)) for x ∈ L, a ∈ A.
2.10. Example. Let (A,L, [−,−]L, φ, αL, ρL) and (A,M, [−,−]M , φ, αM , ρM ) be hom-Lie-
Rinehart algebras over (A,φ). We consider
L×DerφAM = {(l,m) ∈ L×M : ρl(l) = ρM (m)},
where L ×M denotes the Cartesian product. Then (A,L ×DerφA M, [−,−], φ, α, ρ) is a
hom-Lie-Rinehart algebra, where
(i) the bracket is given by
[(l1,m1), (l2,m2)] = ([l1, l2], [m1,m2]);
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(ii) the endomorphism α : L×DerφAM → L×DerφAM is given by
α(l,m) = (αL(l), αM (m));
(iii) and the anchor map ρ : L×DerφAM → DerφA is given by
ρ(l,m)(a) = ρL(a) = ρM (a);
for all l, l1, l2 ∈ L, m,m1,m2 ∈ M , and a ∈ A. The above structure gives the categorical
product in the category hLRφA.
2.11. Definition. Let M be an A-module, and β ∈ EndR(M). Then the pair (M,β) is a
left module over a hom-Lie Rinehart algebra (L, αL) if the following holds.
(i) There is a map θ : L ⊗M → M , such that the pair (θ, β) is a representation of
the hom-Lie algebra (L, [−,−]L, αL) on M . Let us denote θ(x,m) by {x,m} for
x ∈ L, m ∈M .
(ii) β(a.m) = φ(a).β(m) for all a ∈ A and m ∈M .
(iii) {a.X,m} = φ(a){X,m} for all a ∈ A, X ∈ L, m ∈M .
(iv) {X, a.m} = φ(a){X,m} + ρL(X)(a).β(m) for all X ∈ L, a ∈ A, m ∈M .
In particular, for αL = IdL and β = IdM , (L, αL) is a Lie-Rinehart algebra and M is a
left Lie-Rinehart algebra module over the Lie-Rinehart algebra L.
2.12. Example. The pair (A,φ) is a canonical left (L, αL)-module, where the left action of
L on A is given by the anchor map.
Let (L, αL) be a hom-Lie Rinehart algebra over (A,φ) and (M,β) be a left module over
(L, αL). Let us consider the graded R-module
C∗(L;M) := ⊕n≥1C
n(L;M)
where, Cn(L;M) ⊆ HomR(∧
n
RL,M) consisting of elements f ∈ HomR(∧
n
RL,M) satisfying
the following conditions.
(1) f(αL(x1), · · · , αL(xn)) = β(f(x1, x2, · · · , xn)) for all xi ∈ L, 1 ≤ i ≤ n
(2) f(x1, · · · , a.xi, · · · , xn) = φ
n−1(a)f(x1, · · · , xi, · · · , xn) for all xi ∈ L,
1 ≤ i ≤ n, and a ∈ A.
Define the R-linear maps δ : Cn(L;M)→ Cn+1(L;M) given by
δf(x1, · · · , xn+1)
=
n+1∑
i=1
(−1)i+1{αn−1L (xi), f(x1, · · · , xˆi, · · · , xn+1)}
+
∑
1≤i<j≤n+1
f([xi, xj ], αL(x1), · · · , ˆαL(xi), · · · , ˆαL(xj), · · · , αL(xn+1))
for all f ∈ Cn(L;M), xi ∈ L, and 1 ≤ i ≤ n + 1. Here, (C
∗(L,M), δ) forms a cochain
complex, see [14] for more details.
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3. Deformation complex for hom-Lie-Rinehart algebras
In this section, we construct a deformation complex which encodes all the information
about deformation of hom-Lie-Rinehart algebras.
Let M be an A-module, φ : A → A be an algebra homomorphism, and β : M → M be
a φ-function linear map, i.e β(a.x) = φ(a).β(x) for a ∈ A, and x ∈ M . A (φ, β)-derivation
of M is a linear map D : M → M such that there exists σD ∈ DerR(A) satisfying the
following conditions.
(i) D(fx) = fD(x) + σD(f)x, for f ∈ A, x ∈M.
(ii) D ◦ β = β ◦D, and σD ◦ φ = φ ◦ σD.
Let us denote by Derφ(M,β), the space of (φ, β)-derivations of M . It is a Lie algebra
with the Lie bracket, given by the commutator bracket.
Next, we consider a graded R-module of multiderivations on which we describe a graded
Lie algebra structure by extending the canonical Lie algebra structure on the space of
(φ, β)-derivations of M .
3.1. Definition. Let M be an A-module, φ : A → A be an algebra homomorphism, and
β :M →M be a φ-function linear map. Then a linear map
D : ∧n+1M →M
is called a (φ, β)-multiderivation of degree n (of the A-module M) if there exists a linear
map σD : ∧
nM → DerφnA such that the following conditions are satisfied.
(i) D(β(x1), β(x2), · · · , β(xn+1)) = β(D(x1, x2, · · · , xn+1)),
(ii) σD(β(x1), β(x2) · · · , β(xn))(φ(a)) = φ(σD(x1, x2, · · · , xn)(a)),
(iii) σD(x1, x2, · · · , a.xn) = φ
n(a).σD(x1, x2, · · · , xn), and
(iv) D(x0, x1, · · · , a.xn) = φ
n(a)D(x0, · · · , xn) + σD(x0, · · · , xn−1)(a).β
n(xn),
for all x0, · · · , xn ∈M , and a ∈ A.
The map σD is called the symbol map of the (φ, β)-multiderivation D. Let us denote the
space of n-degree (φ, β)-multiderivations of M by Dernφ(M,β).
3.2. Remark. Let us consider the following cases:
(a) If n = 0, thenDernφ(M,β) = Derφ(M,β), the space of (φ, β)-derivations ofA-module
M .
(b) For φ = idA and β = idM , the above definition describes the notion of A-module
multiderivations [17] of an A-module M (with a change in degree convention).
(c) In particular, for a vector bundle over a smooth manifold N , by setting A = C∞(N)
and M = ΓE, we get the multiderivations of the vector bundle E (defined in [2]),
i.e. for n ≥ 0
Dernφ(M,β) = Der
n(E).
Next, we extend the Lie bracket of Derφ(M,β) to a graded Lie bracket on the space of
(φ, β)-multiderivations of M
Der∗φ(M,β) := ⊕n≥0Der
n
φ(M,β).
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Let D1 ∈ Der
p
φ(M,β), and D2 ∈ Der
q
φ(M,β), then define a bracket as follows:
[D1,D2] := (−1)
pqD1 ◦D2 −D2 ◦D1. (1)
In the above expression, the product D1 ◦ D2 is given by the expression below for any
x0, · · · , xp, · · · , xp+q.
(D1 ◦D2)(x0, x1, . . . , xp+q)
=
∑
τ∈Sh(q+1,p)
(−1)|τ |D1
(
D2(xτ(0), . . . , xτ(q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q)))
)
, (2)
Here, by Sh(q + 1, p) we denote the (q + 1, p) shuffles in Sq+p+1 (the symmetric group on
the set {1, · · · , p + q + 1}), and for any permutation τ ∈ Sq+p+1, |τ | denotes the signature
of the permutation (τ) .
It follows that the bracket [−,−] : Der∗φ(M,β) ×Der
∗
φ(M,β) → Der
∗
φ(M,β) is a graded
Lie-bracket of degree 0 (see [1] for details). For any a ∈ A, and x0, · · · , xp+q ∈ L, let us
consider the following expression
[D1,D2](x0, x1, . . . , a.xp+q) =
(
(−1)pqD1 ◦D2 −D2 ◦D1
)
(x0, x1, . . . , a.xp+q).
Let us denote by Sh1(q+1, p), the set of (q+1, p)-shuffles of the set {0, 1, · · · , p+ q} fixing
p + q, and denote by Sh2(q + 1, p), the set of (q + 1, p)-shuffles, which send q 7→ p + q.
Clearly, Sh1(q + 1, p) ∪ Sh2(q + 1, p) = Sh(q + 1, p). Then using equation (2), we get the
following equation:
(D1 ◦D2)(x0, x1, . . . , a.xp+q)
=
∑
τ∈Sh1(q+1,p)
(−1)|τ |D1
(
D2(xτ(0), . . . , xτ(q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q−1)), β
q(a.x(p+q))
)
+
∑
τ∈Sh2(q+1,p)
(−1)|τ |D1
(
D2(xτ(0), . . . , xτ(q−1), a.x(p+q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q))
)
=
∑
τ∈Sh1(q+1,p)
(−1)|τ |
(
φp+q(a).D1
(
D2(xτ(0), . . . , xτ(q)), β
q(xτ(q+1)), . . . , β
q(x(p+q))
)
+ σD1
(
D2(xτ(0), . . . , xτ(q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q−1))
)
(φq(a)).βp+q(x(p+q))
)
+
∑
τ∈Sh2(q+1,p)
(−1)|τ |D1
(
φq(a).D2(xτ(0), . . . , x(p+q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q))
)
+
∑
τ∈Sh2(q+1,p)
(−1)|τ |D1
(
σD2(xτ(0), . . . , xτ(q−1))(a).β
q(xp+q), β
q(xτ(q+1)), . . . , β
q(xτ(p+q))
)
(3)
Let us denote the set Sh2(q+1, p) simply by Sh2. The expression in the second summation
appeared on the right hand side of equation (3) can be written as B1 +B2, where
B1 =
∑
τ∈Sh2
(−1)|τ |φp+q(a).D1
(
D2(xτ(0), . . . , x(p+q)), β
q(xτ(q+1)), . . . , β
q(xτ(p+q))
)
,
B2 =
∑
τ∈Sh2
(−1)|τ |+pσD1(β
q(xτ(q+1)), . . . , β
q(xτ(p+q))(φ
q(a)).βp(D2(xτ(0), . . . , x(p+q))).
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Next, the expression in the third summation appeared on the right hand side of equation
(3) can be written as C1 +C2, where
C1 =
∑
τ∈Sh2
(−1)|τ |φp(σD2(xτ(0), . . . , xτ(q−1))(a)).D1
(
βq(xp+q), β
q(xτ(q+1)), . . . , β
q(xτ(p+q))
)
,
C2 =
∑
τ∈Sh2
(−1)|τ |+pσD1
(
βq(xτ(q+1)), . . . , β
q(xτ(p+q))
)
σD2(xτ(0), . . . , xτ(q−1))(a).β
p+q(xp+q).
Similarly,
(D2 ◦D1)(x0, x1, . . . , a.xp+q)
=
∑
τ∈Sh1(p+1,q)
(−1)|τ |
(
φp+q(a).D2
(
D1(xτ(0), . . . , xτ(p)), β
p(xτ(p+1)), . . . , β
p(x(p+q))
)
+ σD2
(
D1(xτ(0), . . . , xτ(p)), β
p(xτ(p+1)), . . . , β
p(xτ(p+q−1))
)
(φp(a)).βp+q(x(p+q))
)
+
∑
τ∈Sh2(p+1,q)
(−1)|τ |D2
(
φp(a).D1(xτ(0), . . . , xτ(p−1), x(p+q)), β
p(xτ(p+1)), . . . , β
p(xτ(p+q))
)
+
∑
τ∈Sh2(p+1,q)
(−1)|τ |D2
(
σD1(xτ(0), . . . , xτ(p−1))(a).β
p(xp+q), β
p(xτ(p+1)), . . . , β
p(xτ(p+q))
)
(4)
Let us denote Sh2(p+ 1, q) simply by ¯Sh2. The expression in the second summation
appeared on the right hand side of equation (4) can be written as J1 + J2, where
J1 =
∑
τ∈ ¯Sh2
(−1)|τ |φp+q(a).D2
(
D1(xτ(0), . . . , x(p+q)), β
p(xτ(p+1)), . . . , β
p(xτ(p+q))
)
J2 =
∑
τ∈ ¯Sh2
(−1)|τ |+qφp
(
σD2(xτ(q+1), . . . , xτ(p+q))(a)
)
.βq
(
D1(xτ(0), . . . , xτ(p−1), x(p+q))
)
The expression in the third summation appeared on the right hand side of equation (4)
can be written as
K1 =
∑
τ∈ ¯Sh2
(−1)|τ |φq(σD1(xτ(0), . . . , xτ(p−1))(a)).D2
(
βp(xp+q), β
p(xτ(p+1)), . . . , β
p(xτ(p+q))
)
K2 =
∑
τ∈ ¯Sh2
(−1)|τ |+qσD2
(
βp(xτ(p+1)), . . . , β
p(xτ(p+q))
)
σD1(xτ(0), . . . , xτ(p−1))(a).β
p+q(xp+q)
Next, using the properties of multiderivations D1,D2 and there symbols σD1 , σD2 , let us
observe the following:
(1) (−1)pqB2 −K1 = 0, and
(2) (−1)pqC1 − J2 = 0.
Consequently, using equations (3) and (4), we get the following identity:
[D1,D2](x0, · · · , xp+q−1, a.xp+q)
= φp+q(a).[D1,D2](x0, x1, · · · , xp+q−1, xp+q) + σ[D1,D2](x0, x1, · · · , xp+q−1)(a).β
p+q(xp+q).
In the above identity, the map σ[D1,D2] : ∧
p+qM → Derφp+q(A) is given by the following
equation
σ[D1,D2] = (−1)
pqσD1 ⊙D2 − σD2 ⊙D1 + {σD1 , σD1}. (5)
DEFORMATION OF HOM-LIE-RINEHART ALGEBRAS 9
The terms appeared in the right hand side of the above equation are given as follows.
For any x1, . . . , xp+q ∈M , and a ∈ A,
(i) {σD1 , σD1} is defined by
{σD1 , σD2}(x1, . . . , xp+q)(a)
=
∑
τ∈Sh(p,q)
(−1)|τ |
(
σD1
(
βq(xτ(1)), . . . , β
q(xτ(p))
)
σD2(xτ(p+1), . . . , xτ(p+q))
− σD2
(
βp(xτ(p+1)), . . . , β
p(xτ(p+q))
)
σD1(xτ(1), . . . , xτ(p))
)
(a),
(ii) σD1 ⊙D2 is defined by
(σD1 ⊙D2)(x1, . . . , xp+q)(a)
=
∑
τ∈Sh(q+1,p−1)
(−1)|τ |σD1
(
D2(xτ(1), . . . , xτ(q+1)), β
q(xτ(q+2)), . . . , β
q(xτ(p+q))
)
(φq(a)).
Hence, for D1 ∈ Der
p
φ(M,β), and D2 ∈ Der
q
φ(M,β), the bracket [D1,D2] ∈ Der
p+q
φ (M,β)
with the symbol map σ[D1,D2]. Therefore the space of (φ, β)-multiderivation Der
∗
φ(M,β) is
closed under the graded Lie bracket given by equation (1).
3.3. Theorem. Let M be an A-module and β :M →M be a φ-function linear map. Then
the space of (φ, β)-multiderivations of M has a graded Lie algebra structure, where the
graded Lie bracket is given by equation (1).
In the next result, we describe a hom-Lie-Rinehart algebra structures in terms of the
graded Lie algebra obtained above.
3.4. Proposition. Let L be an A-module and αL : L→ L be a φ-function linear map. Then
there is a one-to-one correspondence between hom-Lie-Rinehart algebra structures on the
pair (L,αL) and elements m ∈ Der
1
φ(L,αL) satisfying [m,m] = 0.
Proof. Let (L, αL) be a hom-Lie-Rinehart algebra over (A,φ). Let us define a bilinear map
m : L×L→ L by m(x, y) := [x, y]L, for x, y ∈ L. By definition for any x, y ∈ L and a ∈ A,
we get
m(x, a.y) = φ(a).m(x, y) + ρL(x)(a).αL(y). (6)
By equation (6), it follows that m is a 1-degree (φ, αL)-derivation of the A-module L, i.e.
m ∈ Der1φ(L,αL) with symbol σm = ρL : L → Derφ(A). Moreover, from the definition of
the graded Lie bracket (1) it is clear that
[m,m](x, y, z) = −2(m ◦m)(x, y, z)
= 2
{
[αL(x), [y, z]L]L + [αL(y), [z, x]L]L + [αL(z), [x, y]L]L
}
= 0.
Conversely, let us start with an element m ∈ Der1φ(L,αL) (with symbol σm) satisfying
the identity: [m,m] = 0. Let us define a bracket [−,−]L : L× L→ L as follows
[x, y]L = m(x, y)
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for any x, y ∈ L. Also, define a linear map ρL := σm : L → Derφ(A). Then it follows that
(A,L, [−,−]L, φ, αL, ρL) is a hom-Lie-Rinehart algebra over (A,φ). 
Thus, we have a description of hom-Lie-Rinehart algebra structures on the pair (L,αL)
in terms of the graded Lie algebra structure on (φ, αL)-multiderivations of L, obtained by
Theorem 3.3.
3.1. Deformation complex. Let (L, αL) be a hom-Lie-Rinehart algebra over (A,φ). Then
by Proposition 3.4, this hom-Lie-Rinehart algebra structure on (L,αL) corresponds to an
element m ∈ Der1φ(L,αL) such that [m,m] = 0.
Let us define a cochain complex (C∗def (L, αL), δ), where
C∗def (L, αL) := ⊕n≥1 C
n
def (L, αL), and C
n
def (L, αL) := Der
n−1
φ (L,αL).
Here, the differential
δ : Cndef (L, αL)→ C
n+1
def (L, αL)
is given by
δ(D) = [m,D],
for D ∈ Cndef (L, αL). In particular, for any x0, · · · , xn ∈ L, and D ∈ Der
n−1
φ (L,αL), the
coboundary expression is given as follows.
δ(D)(x0, x1, . . . , xn)
=
n∑
i=1
(−1)im
(
αn−1L (xi),D(x0, . . . , x̂i, . . . , xn)
)
+
∑
0≤i≤j≤n
(−1)i+jD
(
m(xi, xj), αL(x0), . . . , X̂i, . . . , X̂j , . . . , αL(xn)
)
.
(7)
Next, let us observe that m ∈ Der1φ(L,αL) satisfies [m,m] = 0, therefore graded Jacobi
identity for the graded Lie bracket [−,−] : Der∗φ(L,αL) × Der
∗
φ(L,αL) → Der
∗
φ(L,αL)
implies that δ2 = 0.
3.5. Proposition. Let (L, αL) be a hom-Lie-Rinehart algebra over (A,φ) and m be the
corresponding 1-degree (φ, αL)-derivation satisfying [m,m] = 0. Then with the coboundary
operator δ : Cndef (L)→ C
n+1
def (L) defined by δ(D) = [m,D], for D ∈ C
n
def (L,αL), the cochain
complex (C∗def (L, αL), δ) is a differential graded Lie algebra (DGLA with a shift in degree).
Let us denote by H∗def (L, αL), the cohomology of the cochain complex (C
∗
def (L, αL), δ).
Next, we show that the cohomology H∗def (L, αL) is the deformation cohomology of the hom-
Lie-Rinehart algebra (L, αL).
4. Deformation of Hom-Lie-Rinehart algebras
In view of Proposition 3.4, we now consider the hom-Lie-Rinehart algebra structure on
(L,αL) over (A,φ) as an element m ∈ Der
1
φ(L,αL) satisfying [m,m] = 0. Here, we denote
by R[[t]] the space of formal power series ring with parameter t.
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4.1. Definition. A deformation of a hom-Lie-Rinehart algebra (L, αL) (over (A,φ)), given
by m ∈ Der1φ(L,αL), is a R[[t]]-bilinear map
mt : L[[t]]⊗ L[[t]]→ L[[t]], where mt(x, y) =
∑
i≥0 t
imi(x, y),
with m0 = m and mi ∈ Der
1
φ(L,αL) for i ≥ 0, satisfying [[mt,mt]] = 0, where [[−,−]]
is the graded Lie algebra bracket on Der∗φt(L[[t]], αLt), and maps φt : A[[t]] → A[[t]], and
αLt : L[[t]]→ L[[t]] are extensions of the maps φ and αL, fixing t.
4.2. Remark. Note that mt(x, y) =
∑
i≥0
timi(x, y) is a 1-degree (φt, αLt) multiderivation of
L[[t]] with the symbol
σmt(x) :=
∑
i≥0
tiσmi(x) : L[[t]]→ Derφt
(
A[[t]]
)
.
Since mt satisfies [[mt,mt]] = 0, it corresponds to a hom-Lie-Rinehart algebra structure on
(L[[t]], αt) over
(
A[[t]], φt
)
.
Let mt be a deformation of m. Then
mt(αL(a),mt(b, c)) +mt(αL(b),mt(c, a)) +mt(αL(c),mt(a, b)) = 0.
Comparing the coefficients of tn, n ≥ 0, we get the following equations:
n∑
i,j=0
mi(αL(a),mj(b, c)) +mi(αL(b),mj(c, a)) +mi(αL(c),mj(a, b)) = 0. (8)
4.3. Remark. For n = 1, equation (8) implies [m,m1] = δ(m1) = 0, i.e. m1 is a 2-cocycle.
4.4. Definition. The 2-cochain m1 is called the infinitesimal of the deformation mt. More
generally, if mi = 0 for 1 ≤ i ≤ (n − 1) and mn is non zero cochain, then mn is called the
n-infinitesimal of the deformation mt.
4.5. Proposition. The infinitesimal of the deformation mt is a 2-cocycle in C
2
def . More
generally, the n-infinitesimal is a 2-cocycle.
4.6. Definition. Two deformations mt and m˜t are said to be equivalent if we have a formal
automorphism
Φt : L[[t]]→ L[[t]] defined as Φt = idL +
∑
i≥1
tiφi
where for each i ≥ 1, φi : L→ L is a R-linear map such that
φi ◦ αL = αL ◦ φi and m˜t(x, y) = Φ
−1
t mt(Φtx,Φty).
4.7. Definition. Any deformation equivalent to the deformation m0 = m is said to be a
trivial deformation.
4.8. Theorem. The cohomology class of the infinitesimal of a deformation mt is determined
by the equivalence class of mt.
Proof. Let Φt represents an equivalence of deformation given by mt and m˜t. Then we get,
m˜t(x, y) = Φ
−1
t mt(Φtx,Φty).
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Expanding the above identity and comparing the coefficients of t from both sides of the
above equation we have
m1 − m˜1 = [m, φ1].
So, cohomology class of infinitesimal of the deformation is determined by the equivalence
class of deformation of mt. 
4.9. Definition. A hom-Lie-Rinehart algebra is said to be rigid if and only if every defor-
mation of it is trivial.
4.10. Theorem. A non-trivial deformation of a hom-Lie-Rinehart algebra is equivalent to
a deformation whose n-infinitesimal is not a coboundary for some n ≥ 1.
Proof. Let mt be a deformation of hom-Lie-Rinehart algebra with n-infinitesimal mn for
some n ≥ 1. Assume that there exists a 2-cochain φ ∈ C1def (L, αL) with δ(φ) = mn. Then
set
Φt = idL + φt
n and define m¯t = Φt ◦mt ◦ Φ
−1
t .
Then by computing the expression and comparing coefficients of tn, we get
m¯n −mn = −[m,mn] = −δ(φ).
So, m¯n = 0. We can repeat the argument to kill off any infinitesimal, which is a coboundary.

4.11. Corollary. If H2def (L, αL) = 0, then hom-Lie-Rinehart algebra is rigid.
4.1. An example of a rigid Hom-Lie-Rinehart algebra. Here we deduce that the
space of φ-derivations of an associative commutative algebra is a rigid Hom-Lie-Rinehart
algebra.
Let A be an associative commutative R-algebra and φ : A → A be an algebra auto-
morphism, then the space of all φ-derivations of R-algebra A, denoted by Derφ(A) has a
hom-Lie-Rinehart algebra structure. Next, we prove that this hom-Lie-Rinehart algebra
structure is rigid. Let us recall that if φ : A→ A is an algebra automorphism, then
(Derφ(A), Adφ) := (A,Derφ(A), [−,−]φ, φ,Adφ, Adφ)
is a hom-Lie-Rinehart algebra over (A,φ).
Let D ∈ Der1φ(Derφ(A), Adφ) with symbol σD. Let D be a 2-cocycle, i.e.
δ(D) = [m,D] = 0,
where m = [−,−]φ, and therefore it follows that σ[m,D] = 0. Now from equation (5), we
have the following relation
0 = σ[m,D] = −σm ⊙D − σD ⊙m+ {σm, σD}.
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Here, σm = Adφ, and for any x, y ∈ Derφ(A), and a ∈ A,
σm ⊙D(x, y)(a) = Adφ(D(x, y))(φ(a)),
{σm, σD}(x, y)(a) = Ad
2
φ(x)σD(y)(a) − σD(Adφ(y))Adφ(x)(a)
−Ad2φ(y)σD(x)(a) + σD(Adφ(x))Adφ(y)(a),
(σD ⊙m)(x, y)(a) = σD([x, y]φ)(φ(a))
Therefore, we get the following equation
φ(D(x, y)(a)) = −σD([x, y]φ)(φ(a)) +Ad
2
φ(x)σD(y)(a) (9)
− σD(Adφ(y))Adφ(x)(a) −Ad
2
φ(y)σD(x)(a)
+ σD(Adφ(x))Adφ(y)(a).
Let us consider, a map Ad−1φ ◦ σD : Derφ(A) → Derφ(A), then clearly it is an A-linear
map and it commutes with the map Adφ : Derφ(A)→ Derφ(A). Therefore, Ad
−1
φ ◦ σD is a
zero-degree (φ,Adφ)-derivation of the pair Derφ(A).
δ(Ad−1φ ◦ σD)(x, y)(a) = [m,Ad
−1
φ ◦ σD](x, y)(a)
= [Ad−1φ ◦ σD(x), y]φ(a)− [Ad
−1
φ ◦ σD(y), x]φ(a) (10)
−Ad−1φ ◦ σD([x, y]φ)(a).
The first two terms on the right-hand side of the previous expression can be written as
follows: (
[Ad−1φ ◦ σD(x), y]φ − [Ad
−1
φ ◦ σD(y), x]φ
)
(a)
=σD(x)(y(φ
−1(a)) − φ(y(φ−2(σD(x)(a))))
−σD(y)(x(φ
−1(a)) + φ(x(φ−2(σD(y)(a))))
=φ−1
(
σD(Adφ(x))Adφ(y)(a) −Ad
2
φ(y)σD(x)(a) (11)
−σD(Adφ(y))Adφ(x)(a) +Ad
2
φ(x)σD(y)(a)
)
.
By using equations (9)-(11), we deduce that
D(x, y)(a) = [m,Ad−1φ ◦ σD](x, y)(a) = δ(Ad
−1
φ ◦ σD)(x, y)(a).
Therefore, any 2-cocyle is a 2-coboundary, i.e. H2def (Derφ(A), Adφ) = 0. Consequently,
we have the following proposition
4.12. Proposition. The hom-Lie-Rinehart algebra (Derφ(A), Adφ) is rigid.
4.2. Obstructions to the extension of deformations.
4.13. Definition. A deformation of m of order N is given by mt =
∑N
i=0mit
i modulo tN+1,
such that [[mt,mt]] = 0. If there exists a 2-cochain mN+1 ∈ C
2
def (L, αL), such that
m˜t = mt +mN+1t
N+1
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is a deformation of order N + 1. Then we say that mt extends to a deformation of order
(N + 1).
4.14. Definition. Let mt be a deformation of m of order N . Consider the cochain
Θ(L, αL) ∈ C
3
def (L, αL), where
Θ(L, αL)(a, b, c) =
∑
i+j=N+1; i,j>0
(
mi(αL(a),mj(b, c))+mi(αL(b),mj(c, a))
+mi(αL(c),mj(a, b))
)
.
for a, b, c ∈ L. The 3-cochain Θ(L, αL) is called the obstruction cochain for extending the
deformation of m of order N to a deformation of order N + 1. We can write Θ(L, αL) as
follows
Θ(L, αL) = −1/2
∑
i+j=N+1; i,j>0
[mi,mj] (12)
By equation (12), and using graded Jacobi identity it follows that Θ(L, αL) is a 3-cocycle.
4.15. Theorem. Let mt be a deformation of m of order N . Then mt extends to a deforma-
tion of order N + 1 if and only if the cohomology class of Θ(L, αL) vanishes.
Proof. Suppose that a deformation mt of order N extends to a deformation of order N +1.
Then ∑
i+j=N+1; i,j≥0
mi(αL(a),mj(b, c)) +mi(αL(b),mj(c, a)) +mi(αL(c),mj(a, b)) = 0.
As a result, we get Θ(L, αL) = δ(mN+1). So, cohomology class of Θ(L, αL) vanishes.
Conversely, let Θ(L, αL) be a coboundary. Suppose that
Θ(L, αL) = δ(mN+1)
for some 2-cochain mN+1. Define a map m˜t : L[[t]]× L[[t]]→ L[[t]] as follows
m˜t = mt +mN+1t
N+1.
Then for any x, y, z ∈ L, the map m˜t satisfies the following identity∑
i+j=N+1; i,j≥0
mi(αL(x),mj(y, z)) +mi(αL(y),mj(z, x)) +mi(αL(z),mj(x, y)) = 0.
This in turn implies that m˜t is a deformation of m extending mt. 
4.16. Corollary. If H3def (L, αL) = 0, then every 2-cocycle in C
2
def (L, αL) is an infinitesimal
of some deformation of m.
5. Some particular cases
In this section, we discuss some particular cases of hom-Lie-Rinehart algebras and the
associated deformation complex governed by suitable differential graded Lie algebras.
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5.1. Lie-Rinehart algebras. Let (L, αL) be a hom-Lie-Rinehart algebra over (A,φ). If
αL = IdL, and φ = idA, then the hom-Lie-Rinehart algebra (L, αL) is a Lie-Rinehart
algebra L over A.
Next, let L be an A-module and β : L→ L be a φ-function linear map, then in the case
when β = idL, and φ = idA, the definition of degree n (n ≥ 0) (φ, β)-multiderivation of the
pair (L, β) gives the notion of an A-module multiderivation [17] of degree n + 1. However,
here we consider the following definition of A-module multiderivations (with a change in
the convention of degree from [17]).
5.1. Definition. An A-module multiderivation (of degree n ≥ 0) of L is a skew-symmetric
R-multilinear map:
D : ∧n+1L→ L.
for which we have an A-multilinear map σD ∈ HomA(∧
n
AL,Der(A)) such that
D(x0, · · · , f.xi, · · · , xn)
= f.D(x0, · · · , xi, · · · , xn) + (−1)
n−iσD(x0, · · · , xˆi, · · · , xn−1)(f).xi.
Denote the space of all n-degree multiderivations as Dern(L), n ≥ 0. Set Der−1(L) = L.
This gives a graded A-module Der∗(L) = ⊕i∈ZDer
i(L), where Deri(L) = 0 for i ≤ −2.
Note that for any n ≥ 0, we have
Dern(L) = DernidA(L, idL).
5.2. Remark. Let E be a faithful A-module. A Koszul connection on E is an A-linear
mapping ∇ : Der(A) → HomR(E , E), sending X 7→ ∇X such that
∇X(a.m) = X(a).m+ a.∇X(m)
for m ∈ E , X ∈ Der(A), and a ∈ A. In general, an A-module may not admit a Koszul
connection. But for any Projective A-module, there exists a Koszul connection.
Following lemma generalises its geometric counterpart for Lie algebroid case, given in [2]:
5.3. Lemma. Space of A-module multiderivations of degree n on L, i.e. Dern(L) fits into
an exact sequence of A-modules:
0→ HomA(∧
n+1
A L,L)→ Der
n(L)→ HomA(∧
n
AL,Der(A))→ 0,
for n ≥ 0.
Proof. Define, FD ∈ HomR(⊗
n+1L,L) by
FD(x0, · · · , xn) = D(x0, · · · , xn) + (−1)
n
n∑
i=0
(−1)i+1∇σD(x0,··· ,xˆi,··· ,xn)(xi).
It follows that FD is skew-symmetric and A-multilinear. Also, one can check that a con-
nection ∇ on L determines an isomorphism of A-modules
Dern(L) ∼= HomA(∧
n+1
A L,L)⊕HomA(∧
n
AL,Der(A))
assigning D → (FD, σD).
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
5.1.1. Graded Lie algebra structure on Der∗(L). From Theorem 3.3, it is immediate that
there is a graded Lie algebra structure on the graded A-module Der∗(L). If D1 ∈ Der
p(L),
and D2 ∈ Der
q(L), then the graded Lie bracket is defined as follows:
[D1,D2] = (−1)
pqD1 ◦D2 − D2 ◦D1
where,
D1 ◦D2(x0, · · · , xp+q)
=
∑
τ∈S(q+1,p)
sgn(τ)D1(D2(xτ(0), · · · , xτ(q+1)), · · · , xτ(p+q)).
It follows that [D1,D2] ∈ Der
p+q(L) and
σ[D1,D2] = (−1)
pqσD1 ◦D2 − σD2 ◦D1 + [σD1 , σD2 ].
where,
[σD1 , σD2 ](x1, · · · , xp+q)
=
∑
τ∈S(p,q)
sgn(τ)[σD1(xτ(1), · · · , xτ(p)), σD2(xτ(p+1), · · · , xτ(p+q))]
Next result is a particular case of Proposition 3.4, which describes Lie-Rinehart algebra
structures on L in term of the above graded Lie algebra.
5.4. Proposition. If L is an A-module, then there exists a one-one correspondence between
Lie-Rinehart algebra structures on L and elements m ∈ Der1(L) satisfying [m,m] = 0.
5.1.2. Deformation complex for Lie-Rinehart algebra. Let L be a Lie-Rinehart algebra over
A, then it corresponds to an element m ∈ Der1(L) satisfying [m,m] = 0. We define
Cndef (L) := C
n
def (L, idL)
for n ≥ 1, and C0def (L) = Der
−1(L) = L. The coboundary δ : Cndef (L)→ C
n+1
def (L) is given
by δ(D) = [m,D]. Thus, (C∗def (L), δ) is a differential graded Lie algebra and it forms a
cochain complex. We denote the cohomology of this cochain complex by H∗def (L).
5.5. Example. In particular, for Lie algebra g the deformation complex C∗def (g) is the usual
Chevalley-Eilenberg complex C∗(g, g) with coefficients in the adjoint representation.
5.6. Example. For any Lie algebroid, the above deformation complex will be the deforma-
tion complex, defined in [2].
5.7. Example. For L = Der(A), the commutator bracket [−,−]C gives a Lie algebra
bracket and by considering the anchor map ρ = id, (L, [−,−], ρ) is a Lie-Rinehart algebra.
Consider Der(A) to be a projective A-module. then
Zk(C∗def (L)) = HomA(∧
k−1L,L).
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δ(D) = 0. Now, as we know
σδ(D) = δ(σD) + (−1)
k−1ρ o D
i.e., D = (−1)kδ(σD). Therefore,
H∗def (Der(A)) = 0.
5.8. Definition. A deformation of a Lie-Rinehart algebra structure on L, which is given
via m ∈ Der1(L), is defined as a R[[t]]-bilinear map mt : L[[t]]⊗ L[[t]]→ L[[t]], given by
mt[x, y] =
∑
i≥0
timi[x, y], where m0 = m and mi ∈ Der
1(L) for i ≥ 0
satisfying [[mt,mt]]=0.
5.9. Remark. If D ∈ ker(δ1), then δ(D) = 0 for D ∈ Der(L). i.e.,
m(D(x), y) +m(x,D(y)) = D(m(x, y)).
if D ∈ Im(δ0), then D(y)=m(x,y). So, H
1
def gives set of all outer derivation on L.
5.10. Remark. Let mt be a deformation of m. Then we have:
mt(a,mt(b, c)) +mt(b,mt(c, a)) +mt(c,mt(a, b)) = 0. (13)
From equation (1), δ(m1) = 0, i.e. m1 is a 2-cocycle.
By Theorem 4.8, it follows that H2def (L) characterizes the non-trivial infinitesimal de-
formations of the hom-Lie-Rinehart algebra L. Thus, if H2def (L) = 0, then Lie-Rinehart
algebra is rigid. Moreover, Theorem 4.15 implies that obstructions to extend a deformation
of order n of Lie-Rinehart algebra L to a deformation of order n + 1 are contained in the
3-rd cohomolgy group H3def(L). Therefore, H
∗
def (L) is a deformation cohomology for the
Lie-Rinehart algebra L, obtained as a particular case of hom-Lie-Rinehart algebra.
5.11. Remark. In [8], the authors have discussed deformations of Lie-Rinehart algebras as an
application of the deformation theory of Courant algebroids. In particular, they identified
the deformation complex of a Lie-Rinehart algebra in terms of a certain Rothstein algebra.
5.2. Hom-Lie algebras: Let (L, [−,−]L, αL) be a hom-Lie algebra (over R), then it is a
hom-Lie module over itself by adjoint action. Recall that (L, [−,−]L, αL) is also a hom-Lie-
Rinehart algebra (L, αL) over (R, idR). Then a (idR, αL)-multiderivation ϕ of degree n is
simply a n+ 1-linear alternating map
ϕ : ∧n+1L→ L,
satisfying αL ◦ ϕ = ϕ ◦ α
⊗(n+1)
L . Therefore,
DernidR(L,αL) = C
n+1
HL (L,L),
where, Cn+1HL (L,L) is the space of (n+1)-linear alternating cochains defined in Section 2 of
[1]. Next, it is easy to see that the differential graded Lie algebra structure on Der∗idR(L,αL)
is also the same as the one discussed in [1]. Consequently, in the case of hom-Lie algebras,
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the cohomology H∗def (L, αL) is the same as the deformation cohomology H
∗
HL(L,L) defined
in [1].
5.3. Lie algebroids: Let E be a Lie algebroid over a smooth manifoldM with the anchor ρ
and the Lie-bracket [−,−] on the space of sections ΓE. In this case, Lie algebroid structure
on E gives a hom-Lie-Rinehart algebra (L, αL) over (A,φ), where A = C
∞(M), φ = idA,
[−,−]L = [−,−], L = ΓE, αL = idL, and ρL = ρ. The space of (idA, idL)-multiderivations
is simply the space of multiderivations of the vector bundle E. Moreover, the differential
graded Lie algebra structure on the space of (idA, idL)-multiderivations is the one studied
in [2] for Lie algebroids. Thus, in the case of Lie algebroids
H∗def (L, αL) = H
∗
def (E)
where, H∗def (E) is the deformation cohomology of the Lie algebroid E, introduced in [2].
Conclusion:
Here, we described a differential graded Lie algebra (DGLA) for hom-Lie-Rinehart alge-
bras, which controls the formal one-parameter deformations. This study goes in line with
the particular cases such as hom-Lie algebra, Lie-Rinehart algebras. One can expect to
associate such a differential graded Lie algebra to a hom-Lie algebroid, since any hom-Lie
algebroid is also a special type of hom-Lie-Rinehart algebras. Next, it is natural to ask:
can we interpret this differential graded Lie algebra in terms of deformations of a hom-Lie
algebroid? This type of questions we plan to address in a separate note by introducing de-
formations of a hom-Lie algebroid as a smooth family of hom-Lie algebroids over an interval
I ⊂ R.
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